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Abstract. Generalised spin structures, or r-spin structures, on a 2-dimensio- 
nal orbifold E are r-fold fibrewise connected coverings (also called r^^ roots) 
of its unit tangent bundle STE. We investigate such structures on hyperbolic 
orbifolds. The conditions on r for such structures to exist are given. The action 
of the diffeomorphism group of S on the set of r-spin structures is described, 
and we determine the number of orbits under this action and their size. These 
results are then applied to describe the moduli space of taut contact circles on 
left-quotients of the 3-dimensional geometry SL2. 



1. Introduction 

Spin structures on manifolds have been studied extensively, not least because 
of their relevance to physics. A spin structure on a Riemann surface S may be 
thought of as a square root of the tangent bundle TS, that is, a holomorphic line 
bundle C with C ® L = TS. On the level of the unit tangent bundle S'TS, a spin 
structure can be interpreted as a fibrewise connected double covering M — )> STY, 
by another 5'^-bundle M over E. 

It is this last definition which most easily generalises to 2-dimensional orbifolds 
and coverings of higher order. This is not just generalisation for generalisation's 
sake. For instance, such objects appear in the work of Witten [20] on matrix 
models of 2-dimensional quantum gravity, see also 15 . Here the viewpoint is that 
of Algebraic Geometry, where an r"^ root of the tangent bundle of a Riemann 
surface S is considered to be a holomorphic line bundle whose r"^ tensor power 
equals TE. In that framework, questions of moduli have been studied by Jarvis 
and others. 

Our personal motivation for investigating such r**^ roots comes from the moduli 
problem for taut contact circles on 3-manifolds. These structures were introduced 
in [6], where we also classified the 3-manifolds which admit such structures. The 
moduli question was largely settled in [8 , but certain details as to the precise 
geometry of the moduli spaces had been left open. These details hinge on the 
classification of r'^ roots of the unit tangent bundle of 2-dimensional hyperbolic 
orbifolds. 

Here is an outline of the paper. In Section [2] we present the basics of 2- 
dimensional hyperbolic orbifolds, mostly to set up notation. In Section [3] we recall 
the definition of the unit tangent bundle of an orbifold. Roots of such unit tan- 
gent bundles are defined in Section |4l where we determine the conditions on r (in 
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terms of the genus and multiplicities of the cone points of the orbifold S) for r"^ 
roots to exist. We also set up a one-to-one correspondence between r*'' roots and 
certain homomorphisms on the fundamental group of the unit tangent bundle of S 
(Theorem [3]) . In Section [5] this is used to investigate the action by the difFeomor- 
phism group of S on the set of r"^ roots. The number of orbits under this action 
is determined (Proposition [5|) , as well as the length of the orbits (Proposition (H). 
In Section [6] we reformulate this action by the diffeomorphisni group in algebraic 
terms as an action by the outer automorphism group of the orbifold fundamental 
group. Finally, in Section [7] we use this algebraic reformulation and the results of 
the previous sections to describe the Teichmiiller space (Theorem [TO)) and moduli 
space (Theorem [TT|) of taut contact circles on left-quotients of the 3-dimensional 
Thurston geometry SL2. In particular, we are interested in the enumeration of the 
connected components of the moduli space; this gives the number of distinct taut 
contact circles up to diffeomorphism and deformation. 

Sections [2] to [5] are completely self-contained. The final two sections depend to 
some degree on our earlier work [5^, but except for the algebraic reformulation of 
the moduli problem we do not need to quote any details from that paper. 

2. Hyperbolic orbifolds 

Throughout this paper, let I] be a fixed (closed, orientable, 2-dimensional) orbi- 
fold of genus g and with n cone points of multiplicity ai, . . . ,a„. Moreover, it is 
assumed that S is of hyperbolic type, i.e. its orbifold Euler characteristic, defined 
as 

n 

X°'-^I]) = 2-2.9 + 

is assumed to be negative. This condition on the orbifold Euler characteristic 
determines those orbifolds which admit a hyperbolic metric; however, as yet we do 
not fix such a hyperbolic structure. 

The orbifold fundamental group tt"'*^ of E is defined as the deck transformation 
group of the universal covering S S. We briefiy recall the geometric realisation of 
this group and its standard presentation. To that end, choose a base point € S 
distinct from all the cone points, and a lift xq G 5] of xq in the universal covering 
space. Choose a system oi2g loops on S, based at xq, and a curve from xq to each 
of the cone points, such that E looks as in Figure[T]when cut open along these 2g + n 
curves. We may interpret that figure as a fundamental region in E; it is determined 
(amongst all possible fundamental regions whose boundary polygon maps to the 
chosen system of curves) by the indicated placement of xo on its boundary. Notice 
that the sides of this polygon identified by the deck transformation qj meet at a 
vertex mapping to the j^^ cone point in E; all other vertices are lifts of xo- 

Let Ml , tJi , . . . , Ug , tJg , , . . . , g„ be the deck transformations of E which effect the 
gluing maps of the sides of the chosen fundamental polygon as indicated in Figure[T] 
From the figure we see that the deck transformation Hit^'i^j] Ilj 9j (read from the 
right as a composition of maps) fixes the point Xg , which is not the lift of a cone 
point, so we conclude 
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Figure 1. A fundamental domain for E. 



Similarly, we have 

q"' =1, j ^l,...,n. 
These relations give the standard presentation of 7r°'''' as 

Tr°'^ = |ui,iJi,...,Ug,iJg,9i,...,g„: ntui,^^]]^?^ = 1, q"' = l}- 

i j 

Once E has been equipped with a hyperbolic structure and an orientation, then 
S = and the Ui,Vi,qj are orientation preserving isometrics of H'^, i.e. elements 
of PSL2IR.. The identification of E with H-^ is uniquely determined if we specify, for 
instance, the lift xq G H^, the initial direction of one of the edges of the fundamental 
polygon emanating from that point, and require that the orientation lifted from 
S coincide with a chosen orientation of H^. In this way an oriented hyperbolic 
structure on E defines an element of the Weil space 7?.(7r°'''^, PSL2M) of faithful 
representations of 7r°'''^ in PSL2R with discrete and cocompact image. Conversely, 
any representation p G 7<^(7r°'''^, PSL2K) determines a diffeomorphic copy p(7r°'''^)\IHI^ 
of E with a hyperbolic structure and an orientation. 

It is possible to designate one of the orientations on any given E as positive and 
the other as negative in the following way. If there are cone points, it suffices to 
observe that Jjigj ) is a rotation by ±27r / aj , with the same sign for each j = 1 , . . . , n. 
(The sign is well defined even for aj = 2 when we regard the rotation as being 
through the interior of the fundamental domain.) Observe in Figure [T] how the 
direction of rotation around the cone points relates to the orientation given by the 
pairs of arrows indicating the action of Ui and vf, thus, any such pair of arrows 
allows us to determine the orientation of E, also when no cone points are present. 
We write 7^=^(7^°'''^, PSL2M) for the corresponding components of 7^(7^°'■'', PSL2M). 
Any two representations Pi, P2 € 71(71°"^, PSL2M) are related via conjugation with 
a diffeomorphism of H^. This diffeomorphism will be orientation preserving or 
reversing, depending on whether Pi, P2 the same component or not, see also [8] 
pp. 59/60]. This orientation issue will only become relevant in Section [7] of the 
present paper. 
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3. The unit tangent bundle of an orbifold 

The unit tangent bundle of an oriented hyperbolic orbifold E is defined as follows, 
see [T71 p. 466]. Write SL2 for the universal cover of PSL2M. There is a short exact 
sequence 

— ^ z — ^ SL2 -A PSL2M — > 1. 

Realise the given hyperbolic structure and orientation on S by a choice of repre- 
sentation p e 7^(7^°■■'', PSL2R). Then set 

this is the unit tangent bundle of S. It is in a natural way the total space of a 
Seifert bundle over S with normalised Seifert invariants 

= 25 - 2; (ai,ai - 1), . . . , (a„,a„ - 1)}. 

Remark. There is a tricky orientation issue here. The group PSL2M of orientation 
preserving isometrics of acts, via the differential, transitively and with trivial 
point stabilisers on the unit tangent bundle STH^ of (see Scott's survey _17,), 
which allows us to identify PSL2M with S'TH^. A given orientation on thus 
induces an orientation on the 5^-fibres of PSL2M = S'TH^ — H^, and hence on 
the M-fibres of SL2 . When we pass to a left-quotient of SL2 , these oriented 

M-fibres descend to oriented Seifert fibres. With this orientation convention, the 
invariants of the multiple fibres are {aj, 1), see [T71 p. 467]. On the other hand, 
there is a natural right S'^-action on compact left-quotients of SL2. When this 
right action is turned into a left action by the inverse elements (while keeping the 
orientation of SL2 and its quotient), the Seifert invariants become {ai,ai — 1). 
This is the convention of Raymond and Vasquez [16l pp. 169/70], which is the more 
suitable one for our more algebraic considerations in our earlier paper [8] and below. 

A presentation of the fundamental group tt of STT, is given by 

TT = ^^ui,vi, . . . ,Ug,Vg,qi, . . . ,qn,h: JJK, Wi] J]^ = /i^^"^, 

i 3 

^"i^Qj-i ^ /icentralj. 

Under the projection STS — > S, the generators of tt and tt™^ correspond to each 
other as suggested by our choice of notation. In other words, there is a representa- 
tion p € TZ(tt, SL2) with p{tt) = p^^{'p{Tr™^)) and p{p{ui)) = 'p{ui)) etc. For further 
details see Section 4]. 

The Seifert fibration STU — > S, up to equivalence, does not depend on the choice 
of hyperbolic structure on S. This allows us to speak of the unit tangent bundle 
STYi (as a Seifert manifold) even when we have not fixed a metric on S. 

4. Roots of the unit tangent bundle 

Our aim is to classify r*'' roots of S'TS for E an oriented orbifold of hyperbolic 
type, by which we mean the following. 

Definition. An r'^ root of the unit tangent bundle STY, is an r-fold fibrewise 
connected and orientation preserving covering M STY] of STY by a Seifert 
manifold M. In other words, we require that each 5^-fibre of STY is covered r 
times positively by a single ^^-fibre of M. 
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Remarks. (1) For r = 2, such coverings are precisely the spin structures on E. 
Spin structures on orbifolds of arbitrary dimension were defined and studied from 
the differential geometric point of view (index theory, twistor theory) in [5" and ^ . 
The latter paper contains a general existence and classification statement for spin 
structures on orbifolds, albeit only for orbifolds whose singular set is of codimension 
at least 4. 

(2) In the case of a principal S'^-bundle without multiple fibres, one can pass to 
the associated complex line bundle. An r*"^ root then corresponds to a complex line 
bundle whose r*^ tensor power is the given line bundle. 

Coverings M — ?• STT, of the described type are automatically regular, more 
specifically, M is a principal Z^-bundle over STS. The equivalence classes of (ar- 
bitrary) principal Z,,-bundles over STE are in natural one-to-one correspondence 
with the set Hom(7r, Z^) of homomorphisms from the fundamental group tt of STY] 
into Zr, the correspondence being given by associating with a principal Z^-bundle 
its monodromy homomorphism |191 §13.9]. Thus, the fibrewise connected and ori- 
entation preserving coverings M STY are classified by the subset 

Homi(7r,Z^) := {5 G Hom(7r,Zr): 5{h) = 1}. 

If we drop the condition on orientations, we also have to allow homomorphisms 5 
with S{h) = — 1. This will become relevant in Section [B] 

Remark. In [8l Remark 4.10] we gave a detailed discussion of the isomorphism 
between, on the one hand, the deck transformation group of the universal covering 
X ^ X of a topological space X and, on the other hand, the fundamental group 
7ri(X, xq). This isomorphism depends, up to an inner automorphism, on the choice 
of a lift Xq E X of the base point xq. This dependence becomes irrelevant once 
we consider homomorphisms into the abelian group Z^. Thus, while we usually 
think of TT as a deck transformation group, one may still interpret the monodromy 
homomorphism tt — )■ Z^ as being defined in terms of loops as in [191, §13]. 

We now want to give a characterisation of the homomorphisms S € Homi(7r, Zr) 
in terms of the allowable values on the generators in the standard presentation 
of TT. In order to do so, we need to recall a theorem of Raymond and Vasquez [TB] 
about the Seifert invariants of left-quotients of Lie groups, cf. [7]. We have seen in 
the preceding section that, once we equip E with a hyperbolic structure, its unit 
tangent bundle STY can be written as a left-quotient of SL2, and so the same is 
true for its r-fold covering M. Indeed, the fundamental group of the manifold M 
corresponding to 6 £ IIomi(7r,Zr) is tt = kerJ. A representation p G 7^(7r, SL2) as 
described at the end of Section [3] induces a representation p G 7?.(Tr, SL2) of 7? as 
the deck transformation group of M. 

By construction, M is a Seifert manifold with n multiple fibres of multiplicities 
ai, . . . , a„ (just like the Seifert manifold STY), but whereas the fibre index (see 
Defn. 6] of STY equals 1, the fibre index of M is r. Then, according to [16] or [7], 
the normalised Seifert invariants 
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of M (where b is an integer and each /3j an integer between 1 and aj — 1) are subject 
to the condition that there exist integers fci , . . . , fc„ such that 

n 

(1) rb = 2.9-2-^%, 

(2) rPj = ckj - 1 + k-ja-j, j = l,...,n. 

(Observe that these conditions are satisfied for STU, with r = 1, 5 = 2g — 2, and 
all kj equal to zero.) For a given S, these conditions impose severe restrictions 
on the possible values of r. These restrictions are implicit in [T^; for the reader's 
convenience we deduce them directly from the equations ([T]) and 

Lemma 1. //r G N satisfies the Raymond-Vasquez relations {ip and then r 
is prime to ai ■■■ an and divides the integer ai • • • q;„ • x°'^- 

Conversely, if r G N satisfies these latter conditions (for given g, n and aj), 
then there are integers b, kj and j3j ( with 1 < Pj < aj — 1) such that equations (QP 
and 0j are satisfied. 

Proof. From ^ we see that r must be prime to aj . With ([1} and (HJ one computes 

r • ai • • • a„ • (5 + — ) = -ai • • • a„ • x°''^, 

which proves the claimed divisibility. 

For the converse, the condition gcd(r, aj ) = 1 allows us to choose integers 1 < 
< ~ 1 and kj such that ([2]) holds. One then computes 

r • Qfi • ■ • a„ ^ — = -ai •••«„• x°'''° - ai ■ • • a„ • (2^ - 2 - ^ 

which shows that r divides 2(7 — 2 — X]j=i ^j' shown. □ 

Remark. Equation ([2]) and the fact that r and aj are coprime implies that multiple 
fibres with the same aj also have the same jSj (and hence the same kj). This is a 
unique feature of left-quotients of SL2 . 

The converse implication of the preceding lemma has the following consequence. 
Given an r g N satisfying the divisibility assumptions, we find — by the lemma — 
a set of normalised Seifert invariants satisfying the Raymond-Vasquez relations. In 
particular, the Euler number 



of the Seifert fibration must be non-zero, since re = < 0. This means that the 
Seifert manifold M defined by these invariants is diffeomorphic to a left-quotient 
of SL2. The projection SL2 — > PSL2M induces the Seifert fibration M — > S over a 
hyperbolic orbifold E and gives M the structure of an r*^ root of STY,. 

Lemma 2. The homomorphisms 5 € Homi(7r,Zr) can take arbitrary values on the 
generators ui, ui, . . . , u„, w„, but the value on the qj is determined by S{qj) = kj 
mod r. 
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Proof. In we compute 

= ,5(1) = Siq^'h"^^^) = diqj)aj + aj - 1. 

From equation ^ we see that, first of all, aj must be prime to r, and secondly, 
that 6(qj) = kj mod r, as claimed. Equation ([T]) implies that this condition on 
5 is consistent with the other relation in the presentation of tt. It is then easy to 
see that we may define a homomorphism S € Honii(7r, Z^) by prescribing arbitrary 
values on the Ui and Vi. □ 

We summarise our discussion in the following theorem. 

Theorem 3. The unit tangent bundle STT, of an orbifold S of hyperbolic type 
admits an r*^ root if and only if r E N is prime to the multiplicities ai, . . . ,a„ 
of the cone points and a divisor of the integer ai • • • a„ • x™''(I]). In that case, 
the distinct r"^ roots are in natural one-to-one correspondence with the elements of 
Homi(7r,Zr). □ 

Remark. There is a simple geometric explanation why r needs to be prime to the 
multiplicities Q;i,...,a„ for an r*^ root of STY] to exist. From the local model 
for a fibre of multiplicity aj one sees that when we pass to an r-fold cover with 
connected covering of the multiple fibre, then for r not prime to aj the covering of 
the regular fibres will fail to be connected. 

Lemma [2] implies that any two homomorphisms in IIomi(7r, Z^) differ by a ho- 
momorphism TT ^ Zr that sends h and the qj to zero. Such a homomorphism may 
be interpreted as an element of 

Hom(7ri(E),Z^) ^ Hom(i/i (S), Z^) ^ i/i(I];Z,.) = Zj^ . 

(In the first term we really do mean the fundamental group 7ri(E), not the orbifold 
fundamental group 7t°^'^ .) This one-to-one correspondence of r*"^ roots of STY with 
elements of H^{Y; Z,.), however, is not natural. All we have is a free and transitive 
action of H^{Y; Z,,) on the set of r"^ roots. 

One way to give an explicit one-to-one correspondence between Homi (tt, Z^) and 
Z^s is to fix a presentation for tt, and then to associate with S G Homi(7r, Z,,) the 
tuple 

Remarks. (1) As observed by Johnson [10], there is a natural geometric lifting of 
mod 2 homology classes from a surface to its unit tangent bundle. Thus, spin struc- 
tures on surfaces are naturally classified both by Homi(7ri(S]), Z2) and Hi(Y]Z2). 
There is no such natural lifting of mod r classes for r greater than 2. However, 
given a smooth simple closed curve on S, we can consider its tangential lift to 
STY. This will be used in the next section to help us understand the action of the 
diffeomorphism group of Y on Homi(7r,Zr). 

(2) For an honest ^^-bundle over an arbitrary manifold X, one can classify r"^ 
roots by mimicking the spectral sequence argument of [131 Chapter II. 1] with Z2- 
coefficients replaced by Zr-coefficients, cf. [11]. This allows one to show that an r'^ 
root exists if and only if the mod r reduction of the Euler class of the 5'^-bundle 
vanishes (which can also be seen by more simple means), and then r**^ roots are in 
(non-natural) one-to-one correspondence with the elements of H^{X; Zr). 
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We close this section by giving an explicit presentation of the fundamental group 
TT — kerS of the manifold M corresponding to (5 G Homi(7r, Zr). Choose integers 
Si, ti with Si = S{ui) and U = 6{vi) mod r, i — 1, . . . ^ g. Then tt is generated by 

Ui :— Uih^^^ , Vi :— Vih^*^' , i — 1, . . . , g, Qj '■= qjh^^^ , j = 1, . . . ,n, and h := . 

With the help of the Raymond- Vasquez relations one sees that this yields the 
presentation 

TT = ^^ui,vi, . . . ,Ug,Vg,qi, . . . ,qn,h: Y\[u^,v^]Y\_qj ^ h'' , 

i j 

q"'h'^^ ^l,h centralj. 

5. The action of diffeomorphisms on roots 

We are now going to define an action of the diffeomorphism group of S on the set 
of r*^ roots of STT,. For g > 2, it will be shown that this action is transitive for r 
odd, and that it has exactly two orbits for r even; the case g = 1 will require an ad 
hoc treatment; on a given hyperbolic orbifold of genus g = and for each r there is 
at most one r"^ root, since in that case Homi (tt, Z,.) is trivial. Throughout, we fix an 
orientation of E, and the diffeomorphisms we consider are always understood to be 
orientation preserving. A diffeomorphism of an orbifold may at best permute cone 
points of the same multiplicity. By Lemma [2] and the remark following the proof of 
Lemma [TJ any such permutation can be achieved by a diffeomorphism that induces 
the trivial action on Homi(7r,Zr). So in order to understand the action of the 
diffeomorphism group of E on Homi(7r,Zr), it suffices to consider diffeomorphisms 
that fix a neighbourhood of each cone point. 

Let M STS be an r"^ root of STT,, corresponding to some homomorphism 
5 G Homi(7r, Z^), and let / be a diffeomorphism of S as described. By slight abuse 
of notation, we may regard the differential Tf as a diffeomorphism of STT; the 
composition of the projection M STT, with Tf is then a new r*^ root of STT. 
We denote the corresponding element in Homi(7r,Zj.) by 

Geometrically this means the following. Given w G tt, represent it by a loop in 
STT. Then {f^.S){u) G Zr is given by the monodromy of the covering M STT 
along the preimage of that loop under Tf. 

We make one further abuse of notation. If u is an oriented, smooth closed 
curve on T (avoiding the cone points), we also write u for its tangential lift to a 
closed curve in STT. Up to conjugation, this represents a well-defined element in 
TT = TTi{STT), so it makes sense to speak of 5{u) G Z^. This abuse of notation is 
justified by the fact that for / a diffeomorphism of T, the tangential lift of f{u) 
equals the image of the tangential lift of u under the differential Tf. 

Consider a topological model for S as in Figure [21 Here T is given the stan- 
dard orientation, so that the simple closed curves Ui,Vi representing the standard 
generators of Hi{T) intersect positively in a single point. The notation Ui,Vi has 
been chosen in accordance with the presentation of tt in Section [31 In the sequel we 
identify a homomorphism S G Homi(7r,Zr) (representing an r"^ root of STT) with 
the corresponding 2(7-tuple of integers mod r, that is, we write 

5=isi,ti,...,sg,tg) eZ^a, 
where Si — 6{ui) and ti — S{vi). 
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Figure 2. Loops on E representing loops in STT,. 



For our discussion below we note that the element h € it corresponds to a posi- 
tively oriented regular fibre of S'TS, so it can be represented by a small positively 
oriented circle on E. 

Next we want to show that for any given 6 S Homi(7r,Zr) there is a difFeomor- 
phism / of E such that is in a very simple standard form. This is done by 
studying the transformation behaviour of S under certain Dehn twists on E. 

For u a simple closed curve on E, write /" for the right-handed Dehn twist 
along u. 

Lemma 4. Under the basic Dehn twists and J^i.^+i^ the tuple 5 = 

{si,ti, . . . , Sg, tg) transforms as follows: 

{• ■ • T Sl^ti s^, . . .), 
(. . . , ^ t^, . . .), 

(. . . ,Si,ti- Si + Si+l - l,Si+l,ti+l + Si ~ Si+l + 1, . . .). 

Proof. The Dehn twist sends Ui to itself and Vi to Ui + Vi\ the differential T/"' 
has the same effect, when those curves are regarded as loops in 5TE. So the inverse 
diffeomorphism sends Ui to itself and Vi to Vi — Ui. This gives the formula for . 
The argument for is analogous. 

In order to investigate /^' '^S we need to compute (5(wi i+i). 

Claim. = 5{ui) - + 1. 

This can be seen as follows (cf. [TU] for an analogous idea). The disjoint union 
of the smooth curves Ui and — Wi+i (that is, Ui+i with reversed orientation) can be 
deformed smoothly into the union of and a small circle oriented negatively 

(see Figure[3]for a schematic illustration). The tangential lift of the latter equals ~h. 
This implies the claim. 



fT5 - 




Figure 3. The smooth deformation from Uj — Ui+i to — h. 
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Now, the inverse of sends Vi to Vi — Wi^i+i, and Vi+i to Vi+i + the 

other basic loops remain unchanged. In conjunction with the claim, this gives the 
formula for □ 

Remark. The formula of Lemma |4] — for the case r = 2, where signs do not 
matter — where derived earlier by D§,browski and Percacci |:4i by quite involved 
calculations in local coordinates. Related considerations can also be found in the 
work of Sipe [TB]. She studied r^^ roots of the unit tangent bundle of hyperbolic 
surfaces with the aim of describing certain finite quotients of their mapping class 
group. 

The signs in the formula of Lemma |4] change when we perform left-handed Dehn 
twists. Therefore, Dehn twists along m and Vi enable us to perform Euclid's algo- 
rithm on any pair of integers representing the pair {si,ti) of mod r classes. This 
implies that we can reduce one component to zero and the other to the unique ele- 
ment di € Zr determined by the conditions that the principal ideal in generated 
by di equal the ideal generated by Si and U, and that the integer representative of 
di lying between 1 and r be a divisor of r. By slight abuse of notation we write 
this last condition as di\r. The pair (di,0) can be changed to the pair (0,c?i) by 
further such Dehn twists. In total, we can find a composition of Dehn twists of S 
that transforms S to 

(0,dl,...,0,dg). 

In order to simplify this further, we have to bring the curves Wi^i+i into play. 
By the claim, the transformed S takes the value 1 on Wi^i^i. Thus, when we 
perform di right-handed Dehn twist along wi2, the tuple {Q,di,0,d2, ■ ■ ■) changes 
to (0, 0, 0, di -f ^2, ■ • ■)■ Continuing with the appropriate Dehn twists along W23 up 
to Wg-i^g, we find a diffeomorphism transforming S to 

(0,...,0,di + --- + rfg). 

We shall presently describe further Dehn twists that bring 6 into one of the forms 
listed in the next proposition. 

Proposition 5. By a sequence of Dehn twists, we can bring S into one of the 
following standard forms: 

• (0, . . . , 0, 0) if g >2 and r odd, 

• (0, . . . , 0, 0) or (0, . . . , 0, 1) if g > 2 and r even, 

• (0, d) with d\r if g = \ (beware that this includes d = r = 0). 

Of course, for g ~ I the surface S will be of hyperbolic type only if there is at 
least one cone point. For g = (and at least three cone points), IIomi(7r,Zr) is 
trivial. 

Proof of Proposition O The case g = I has been settled by the discussion preced- 
ing the proposition. In the case g > 2, we may assume that 6 has already been 
transformed into the form (0, . . . , 0, cZ), as yet without any information on d. 

We only write the last four components of the 2g-tup\e in Z^^. We claim that 
there are Dehn twists giving the following sequence of transformations: 

(0,0,0,d) — > (0,Tl,0,d±l) — > (0,±l,0,d±l) — > (0,0,0,d±2). 

Indeed, the first and third step are given by a Dehn twist (of the appropriate sign) 
along Wg-i^g, the second by a sequence of Dehn twists along Ug-i and Vg-i. 
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So we can always reduce the last component to or 1. If r is odd, then Dehn 
twists along Ug and Vg allow us to transform from (0,1) (in the last two components) 
to (0, 2) — since either of 1 or 2 generates the same principal ideal in Z^, namely 
the full ring. □ 

The standard forms listed in the preceding proposition turn out to be pairwise 
inequivalent under the action of the diffeomorphism group. We first show this for 
the case g = 1. 

Lemma 6. For g = 1, two standard forms (0,d) and (0,d'), where we think of 
d,d' as integers between 1 and r (which divide r), are diffeomorphic if and only if 
d^d'. 

Proof. Assume without loss of generality that d' < d. The action of the diffeo- 
morphism group of a hyperbolic orbifold E of genus 1 translates into the standard 
SL(2, Z)-action on Z^ = Homi(7r, Z^). The orbit of (0, d) under this action consists 
of elements of the form (md, nd) (with m and n coprime). Since d is a divisor of r, 
the number nd (thought of as an integer) can be congruent to d' mod r only if d is 
a divisor of d' , which forces d = d' . □ 

The Z2-invariant that distinguishes the standard forms in the case g > 2 (and 
r even) goes back to Atiyah [5]. A spin structure on an honest surface S has 
an associated complex line bundle L. Once a complex structure has been chosen 
on E, one can speak of holomorphic sections of L. The dimension mod 2 of the 
vector space of holomorphic sections turns out to be independent of the chosen 
complex structure; this is Atiyah's invariant of spin structures. As remarked earlier, 
Johnson [TU] defined a natural lifting of mod 2 homology classes from a surface S to 
its unit tangent bundle. A spin structure on S then gives rise to a quadratic form 
on iJi(E;Z2). Johnson goes on to show that the Arf invariant of that quadratic 
form (whose definition can be found on any Turkish 10 Lira note) equals Atiyah's 
invariant. 

Remark. The 2-dimensional spin cobordism group ff^^'^ is isomorphic to Z2; the 
Atiyah invariant distinguishes the two cobordism classes. 

Now we allow once again arbitrary orbifolds E of hyperbolic type. Motivated by 
Johnson's work, we define a Z2-valued invariant of an r*^ root 5 of S'TE (with r 
even), which we write as S — {si,ti, . . . , Sg,tg) G Z^^, by 

9 

A{6) = ^(s, + l){t, + 1) mod 2. 
1=1 

Note that, for r even, this mod 2 reduction is well defined. The definition of this 
invariant can also be phrased as follows. Given a principal Z^-bundle M — > STT, 
with r even, there is an intermediate double covering of STE. Thus, an r"^ root 
(with r even) induces in a natural way a spin structure. The ^-invariant is simply 
the Atiyah invariant of that spin structure. 

Lemma 7. The number A(S) li is a diffeomorphism invariant, i.e. for any 
(orientation preserving) diffeomorphism fofT, one has A(/h.i5) = A{S). 

Proof. We need only consider diffeomorphisms that fix the cone points. The group 
of such diffeomorphisms is generated by the Dehn twists along Ui,Vi and Wi^i+i. 
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The invariance of A{6) under these Dehn twists can be checked easily with the 
formula in Lemma S) □ 

Obviously, the two standard forms (0, . . . , 0, 0) and (0, . . . , 0, 1) (for g > 2 and r 
even) are distinguished by the A-invariant. 

Definition. For g > 2 and r even, we say an r^^ root S is of even (resp. odd) type 
if A{S) equals (resp. 1). 

So the standard form (0, . . . , 0, 0) is of even type for g even, and of odd type for 
g odd; the standard form (0, . . . , 0, 1) has the complementary type. 

Proposition 8. For g > 2 and r even, the number of r^^ roots of even (resp. odd) 
type equals r'^9{29 ± l)/2f+i. 

Proof. Write r = 2s. An r**^ root 5 — {si,ti, . . . ,Sg,tg) will be even if and only if 
an even number of summands (si + l)(ti + 1) in A{5) are odd. Such a summand is 
odd if and only if both Si and ti are even, which gives us possibilities for choosing 
Si and ti. On the other hand, there are 3s^ possibilities for choosing Si and ti such 
that {si + \){ti + 1) becomes even. It follows that the number of roots of even type 
is given by 



1 



k even 

= ]^{{Asy + {2sy) 

= r2ff(2f + l)/2f+i. 
For roots of odd type, the calculation is analogous. □ 

Remark. In the case r = 2, i.e. for spin structures, Propositions [5] and [8] are 
well known — especially, it seems, among mathematical physicists. Our arguments 
for deriving them generalise those of D§,browski and Percacci j4j. An alternative 
approach can be found in the work of Alvarcz-Gaume, Moore and Vafa [1]. They 
appeal to the relation between spin structures and theta functions in order to 
describe the action of the diffeomorphism group. 

6. An algebraic reformulation 

The Baer-Nielsen theorem for the orbifold E says, in essence, that the group of all 
(not just orientation preserving) diffeomorphisms of E modulo those isotopic to the 
identity can be identified with the group Out(7r°'''^) of outer automorphisms of Tr"'*^; 
see [21] . We now want to use this to reformulate the action of the diffeomorphism 
group on the space of r**^ roots of STYi in an algebraic way. This serves as a 
preparation for the next section, where we tie up our discussion of r*^ roots with 
the moduli problem for so-called taut contact circles, which was addressed in our 
earlier paper |5]. As announced there, the results of the present note allow us to 
count the connected components of the moduli spaces in question. 

There is an obvious action of Aut(7r) on 

Hom±i(7r,Zr) {5 e Hom(7r,Z^): 6{h) = ±1}. 

(The fact that we now allow 6{h) = — 1 corresponds to having orientation reversing 
diffeomorphisms included in the discussion.) This descends to an action of Out(7r), 
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since 1r is abelian. Thus, in order to define an action of Out(7r°''^) on Hom±i (tt, Z^), 
we should first define a suitable lift from Aut(7r°'''^) to Aut(7r). Recall from [HI 
Lemma 4.13] that there is a short exact sequence 

— > Aut(7r) Aut(7r°''^) 1. 
(This holds true for the fundamental group tt of any Seifert manifold which is a 
left quotient of SL2 and has base orbifold S.) Thus, algebraically, it is not clear 
how to define a lifting. Instead, we find a suitable lift by a direct appeal to the 
Baer-Nielsen theorem. Put briefly, we represent a given element of Out(7r°^'^) by 
an orbifold diffeomorphism / of S, and then find the lift as the automorphism 
corresponding to the differential T/. From that construction it is clear that our 
algebraic definition of the action by the diffeomorphism group on the set of r"^ 
roots corresponds to the geometric definition in the preceding sections (except that 
we have replaced a left action by a right action, which is owed to the conventions 
in the algebraic setting of the next section) . 

Lemma 9. There is a natural right action of Out(7r°''^) on Hom-|-i(7r, Z,.), de- 
fined as follows. Given a class [d] € Out(7r°'''^), represented by an automorphism 
d e Aut(7r°''''), there is a geometrically defined lifting of this representative to an 
automorphism 1!} £ Aut(7r). Then the action of [•&] on S G Hom-i-i(7r, Z,,) is defined 
by 5 ^ 5 o d. 

Proof. By the Nielsen theorem [211 Theorem 8.1] there is a diffeomorphism / of S 
(fixing a base point Xq) covered by a diffeomorphism / of E (fixing a chosen lift Xq 
of xq) such that 

/ o u o = d{u) for all u £ tt"^. 

Regard the differential Tf as a diffeomorphism of STY,, and let Tf be a lift to a 
diffeomorphism of SL2. Define d G Aut(7r) by 

i}{u) ^ Tf o u o Tf^^ for ah w e TT. 

Since the fibre class h generates the centre of tt, we have "dih) = h^^. So the 
homomorphism So^} is still an element of Hom±i(7r, Z^). Moreover, the definitions 
imply that o ■(?2 lifts to t^i o i?2, so the prescription 6 1-^ S od does indeed define 
a right action, provided we can establish independence of choices. 

Two different lifts of Tf differ by a deck transformation of STY., i.e. an element 
of vr. So the corresponding lifts ?9 differ by an inner automorphism of tt. Thus, the 
homomorphism S o -ff into the abelian group Z^ is independent of this choice of lift. 

Next, we show that Sod depends only on the class [d], not on the choice of 
representative or in other words, that for any inner automorphism we have 
S o d = S. By the Baer theorem [HJ Theorem 3.1], the Nielsen realisation / of any 
inner automorphism of Tr°'^^ is isotopic to the identity (by an isotopy not fixing the 
base point, in general). Then Tf is likewise isotopic to the identity. This isotopy 
lifts to a fibre isotopy between Tf and a deck transformation of SL2 STY,. This 
implies that the resulting will be an inner automorphism of tt, and hence do-d = S, 
as we wanted to show. 

Finally, it remains to verify that the construction does not depend on the choice 
of Nielsen realisation /. Two such realisations differ by a diffeomorphism whose 
lift to S induces the identity on 7r°''^. Then the argument concludes as before by 
an appeal to Baer's theorem. □ 
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7. The moduli space of taut contact circles 

Let M be a given closed, orientable 3-manifold diffeomorphic to a left quotient 
of SL2 with fundamental group tt. This is in a unique way a Seifert manifold over 
an orbifold E of hyperbolic type, with a well-defined fibre index r. Recall from the 
end of Section [4] the presentation of tt involving the normalised Seifert invariants 
of Af. 

As shown in our paper [8], the Teichmiiller space T{M) of taut contact circles, 
i.e. the space of taut contact circles on M modulo diffeomorphisms isotopic to the 
identity, can be identified with Inn(SL2)\7^(7r, SL2), where TZ stands for the Weil 
space of representations as in Section [2j The moduli space M{M) of taut contact 
circles, i.e. the space of taut contact circles on M modulo all diffeomorphisms 
of M, is in turn given by T(M)/0ut(7r). With this algebraic translation taken for 
granted, nothing further needs to be known about taut contact circles (not even 
their definition), i.e. the following can be read as a discussion of these algebraically 
defined spaces, where we want to understand the action of Out(7r) on T{M) = 
Inn(SL2)\7^(S^, SL2) with the help of the geometry of r*'' roots of 5'TE. See also [H] 
for the relevance of such questions to the deformation theory of Seifert manifolds. 

Remark. To a large extent we follow the notational conventions of [S]. The one 
difference that needs to be pointed out is that in our previous paper, tt denoted 
the fundamental group of M, as STY, did not play much of a role in our discussion 
there. In the present paper, tt denotes the fundamental group of STT,, and tt that 
of M. 

Write T(E) for the Teichmiiller space of hyperbolic metrics on the base orbi- 
fold E, together with a choice of orientation. This means that T(E) has two 
connected components T^(E) and T~{'S,). Algebraically, T(E) may be thought 
of as Inn(PSL2K)\7e(7r°''^, PSL2M). In Section 4 of [8j it was shown that r(A/) is a 
trivial principal Z^^-bundle over T(E). For Aut(7r) there is a short exact sequence 
as for Aut(7r) in the previous section. The normal subgroup Z^^ C Aut(Tr) acts as 
(rZ)^^ on the mentioned principal bundle. This implies that T{M)/1?^ — where 
the quotient is taken under the action of 1?^ C Aut(7r) — is a trivial r^^-fold cov- 
ering of T(E), and the moduli space of taut contact circles on M can be described 
as 

M{M) = (r(M)/Z29)/Out(7r°'^'^). 

So the following theorem essentially settles the moduli problem for taut contact 
circles on left quotients of SL2. Here tt denotes, as before, the fundamental group 
of STYj. For the proof below, notice that there are quotient maps tt tt"'''' and 
TT tt""^*^, given by quotienting out the normal subgroup generated by the central 
element h and ft,, respectively. 

Theorem 10. The quotient T{M)/1?'^ of the TeichmuUer space of taut contact 
circles on M under the action ofl?^ C Aut(7f) has a natural description as follows: 

T{M)/Z'^3 = Homi(7r,Z,^) x r+(E) U Hom_i(7r, Z^) x T^{Y) 

On the second factors T^{M), the right action of Out{Tr™^) is the obvious one; on 
the first factors Hom±i(7r, Z^), the group Out(7r°''^) acts from the right as described 
in SectionWi 
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Remark. If the Nielsen realisation / of an automorphism -d of tt""^ is orientation 
reversing (so that -d will exchange the components then the differential T/, 

regarded as a diffeomorphism of iSTE, will reverse the fibre direction, so i? will also 
exchange Hom-|-i(7r, Z^). In fact, no left-quotient of SL2 admits any orientation 
reversing diffeomorphism |14j . 

Proof of Theorem \1(A First we are going to define a map from the left-hand side 
T{M)/Z'^a to the right factors r+(S) U T^jS) = T{T.) on the right-hand side. 
Recall from [51 Section 4] that the projection SL2 — PSL2IR induces a covering map 
7^(7^,SL2) -J> 7l(7r°'*',PSL2M), which in turn induces a well-defined map T(M) 
T(S), since any inner automorphism of SL2 induces an inner automorphism of 
PSL2M. The action of 1?^ C Aut(7r) on tt is given by multiplying the generators 
Ui,Vi with the corresponding power of the central element h. Since this central 
element generates the kernel of the quotient map tt 7r°'''^ , we get an induced map 
T{M)/I?a ^T{T). 

Next we want to define a map T{M)/1?^ — > IIom±i(7r, Z^) to the left factors on 
the right-hand side. This means that, given p e 7?.(7r, SL2) representing an element 
[p] G T{M) ^ and given m g tt, we want to define 5{u) G in such a way that 5 
becomes a homomorphism tt — )■ sending /i to ±1, and such that 5 is independent 
of the chosen representative p. 

Thus, start with p and u as described. The element u G tt projects to an element 
u € 7r°'^'^, which in turn lifts to an element u G tt, unique up to powers of h. 
Likewise, the representation p G TZ{tt, SL2) projects to a representation 

p e TZ{tt°'^ , PSL2M) = 7^+ {tt°'^ , PSL2R) U TZ- {tt°'^ , PSL2K) , 

as observed in the first part of the proof, and then can be lifted in a preferred way 
to a representation p £ 7^(7r, SL2); cf. Section [2] for the notation TZ^. 

In [U Section 4] we gave a definition of such a preferred lift that also allowed us 
to lift from a representation of tt°'^^ to one of tt. Here, where we only want to lift to 
a representation of tt, we shall make a choice that leads to a natural description of 
the Out(7r°'''')-action. In order to allow unique lifting of maps to universal covers, 
we choose base points in S, STE and their universal covers in such a way that all 
relevant projections are base point preserving. Likewise, we choose a base point in 
SL2 = STM over a base point in H; this determines a base point in any discrete 
quotient of these spaces. 

Now to the definition of p. In the sequel it is understood that all diffeomorphisms 
are base point preserving. Choose a diffeomorphism g: p(7r°'''')\H^ whose 

(unique) lift g to the universal cover satisfies 

g QUO g^^ p(lt) for all u £ 7r°''^. 

This is possible by the Nielsen theorem again; observe the formal similarity with 
the argument in the proof of Lemma El Now, with L denoting left multiplication 
in SL2 , define the preferred lift p of p by 

-^p(ti) = Tg o u o Tg for all u G tt. 

Remark. The preferred lift as defined in [8j depended on a choice of presentation 
of TT. If we take the Ui and Vi as the tangential lifts of and Vi, then the preferred 
lift defined here is the same as that in [8]. 
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When we identify H with the upper half-plane in C, and SL2 with x M with 
coordinates {z,d), cf. [U p. 58], we can describe the left action of p{u) on SL2 
explicitly (at least for some elements u £ n). For h there is no choice in the lifting; 
one has 

p{h){z,e) = (z,0±27r), 
where the sign is determined by p e TZ^{n°^'^, PSL2K). Similarly, one has 

p(h){z,e) = {z,0±2TTr). 

The lift p{qj) is completely determined by the relation which qj satisfies in the 
group TT. For Ui resp. Vi, any lift other than the preferred one p{ui) resp. p{vi) would 
differ from it by an arbitrary translation in the ^-component by integer multiples 
of 2tt. Moreover, the action of w G Z^^ C Aut(7r) on p is given hy p t-^ Prw, with 

Pr^{ui){z,9) = p{ui){z,0) + {0,2Trrw2i~i), 
Prv,{vi){z,9) = p{vi){z,9) + {0,2Trrw2i). 

Now back to the construction of the homomorphism S corresponding to the class 
[p] e r(M)/Z2ff. Since both piu) and are lifts of p(u) S PSL2M to SL2, their 
action on the 0-component differs by a shift by some integer multiple of 2tt, so we 
can define 6{u) 6 Z by 

(3) p{u){z, 9) = p{u){z, 9) + (0, 2tt5{u)). 

Since p is fixed to be the preferred lift of p, the only ambiguity in this equation is 
the lift u of u, which may be changed by powers of h. From the described action 
of p(/i) we conclude that 5{v) is well defined mod r, so we may regard it as a map 
into Z^. By construction it is clear that 5 has the homomorphism property. For 
u = h we may choose u = 1; this gives 5{h) = ±1, where the sign again corresponds 
to p 6 TZ^, as it should. Hence 5 G Hom±i(7r, Zr). 

Inner automorphisms of SL2 act trivially on the ^-component, so i5 only depends 
on the class of p in T(M). Moreover, 5{u) does not change mod r when p is replaced 
by some pr-w in the same orbit under the Z^^-action on T{M). This finishes the 
construction of the map 

T{M)/I?3 ^ Homi(7r,Zr) x r+(E) U Hom_i(7r, Z^) x T~{T.). 

We show this map to be a bijection by exhibiting an explicit inverse. The defining 
equation ^ for 5 can be read backwards, as it were, in order to define the desired 
inverse map. Thus, given p G 7e±(7r°'"^,PSL2R) and 5 G Hom±i(7r,Z^) (with 
matching signs), we would like to use (|3]) to define p. This is indeed possible, if we 
take a little care. First of all, we know that there is no choice in defining p(ft,) and 
p{qj), so we only need to consider elements u € n which are not stabilised under 
the Z^^-action p{u) 1-^ prvr{u)- Let u G tt™*^ be the projection of u, and u G tt a lift 
of u. In the equation 

piu){z,9) ^ p{u){z,9) ~ iO,27rS{u)), 

with p taken as the preferred lift of p, the right-hand side can be made sense of if 
the 0-component is read as lying in R/2nrZ, and it does not depend on the choice 
of lift u. So for u of the described kind, we can use this equation (given p, S and u) 
to get a well-defined element [p] G T(M)/Z^^. This prescription obviously defines 
an inverse of the previously constructed map. 
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It remains to show that the right action of Out(7r°'''^) is as claimed in tlie theorem. 
Given [d] e Out(7r°''^), let d G Aut(i) be any Uft of ^, and G Aut(7r) the Hft 
constructed in the proof of Lemma El The action of [d] on T{M) jl?^ is given by 
p 'po'd. This is indeed well defined: the choice of representative -d of the class 
[t?] is irrelevant, because in T{M) we have taken the quotient under Inn(SL2); the 
specific lifting to is of no importance in the quotient T(M)/Z^s. That the action 
of Out(7r°''^) on the right-hand side of the identity in the theorem is also as claimed 
now follows from equation ([3]) and the observation that our construction of the 
preferred lift of p entails that p o i9 is the preferred lift of p o ??. 

This concludes the proof of Theorem (TUl □ 

Remark. With p being the preferred lift of p, equation (jS]) is precisely the algebraic 
reformulation of the geometric definition of 5 as a monodromy homomorphism given 
in Section m 

When we take the quotient under the action of Out(7r°'''^), the trivial covering 
T{M)/J?3 — > T^(S) U T^(S) given by Theorem ITOl becomes a possibly branched 
covering M{M) M{Y.), where M{Y.) = r(S)/0ut(7r°''') denotes the moduh 
space of hyperbolic metrics on E. 

We are now interested in the number of connected components of M.{M), and 
the number of sheets in each connected component of the covering A^(M) 
The space is connected, so the number of connected components of M{M) 

equals the number of orbits of the Out(7r°'''')-action on Hom±i(7r, Z^). Geometri- 
cally, this corresponds to the number of orbits of the action on Homi(7r, Zj.) given by 
the orientation preserving diffeomorphisms of S. Moreover, the number of sheets in 
each connected component of the covering M.{M) — > J\A{Yi) is given by the length 
of the corresponding orbit. 

So the following theorem, the larger part of which was announced in [5], is a 
direct consequence of Propositions [S] and |S1 and Lemma [5] (As before, we write r 
for the fibre index of the unique Seifert fibration M — > S; the genus of S is denoted 

by g-) 

Theorem 11. The moduli space M.{M) of taut contact circles on M is a branched 
covering over the moduli space M.{'S) of hyperbolic metrics on S. 

For g = 0, the covering map A4{M) — A4(T,) is a homeomorphism. 

For g = 1, the number of connected components of M{AI) equals the number 
of divisors of r. The number of sheets in the component of M.{M) corresponding 
to d\r equals the number of ordered pairs (s, t) of integers mod r that generate the 
same ideal in 1r as d. 

For g > 2 and r odd, A4{M) is connected, and the branched covering M{M) 
M{T.) has r^s sheets. 

For g > 2 and r even, A4{M) has two connected components, and the number 
of sheets in the two components equals r^^(2^ ± l)/2^^^. □ 
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